COMSMO0067: Advanced Topics in Programming Languages

PROBLEM SHEET 4

Alex Kavvos

The following questions are about the simply-typed A-calculus (STLC).
1. Draw derivations that evidence the following typing judgements.
(i) @ : Str+ (Str x Num) F case(x; y.y; z. m1(2)) = Str
(if) F Az :Str+ Num. case(z;y.inr(y); z.inl(z)) : Str + Num — Num + Str
(iii) f : Num x Str — Num, z : Str F f((num[0], z)) : Num
2. Write down transition sequences that reduce the following terms to values.
(i) case(inr({str[‘hi’], num[0]));y.y; z. m1(2))
(if) (Az:Str+ Num. case(xz; y.inr(y); z. inl(z)))(inl(num[0]))
(iii) (Az.m1(2))({(num[0], str[‘hi’]))

Solution:
(i)
case(inr({str[*hi’], num[0])); y. y; 2. m1(2)) — 71 ({str['hi’], num[0]))
—> str[‘hi’]
(i)

(A : Str + Num. case(z; y. inr(y); z. inl(2))) (inl(num[0])) — case(inl(num[0]); y. inr(y); z.inl(2))
— inr(num[0])

(iii) (Az.7m1(2))((num]0], str['hi’])) — 71 ({(num[0], str[‘hi’])) —— num]0]

3. This question is about modelling the following Haskell data type in the simply-typed A-calculus.

data MaybeString = Nothing | Just String

Intuitively, we expect this data type MaybeStr to have the following typing rules.

N Just
OTHING I'e: Str

I' F Nothing : MaybeStr '+ Just(e) : MaybeStr

MarcH
I' F e : MaybeStr F'kFe,:7 Iz :Strkej:7

I' - match(esen;x.€5) 1 7

The first term represents Nothing, and the second term that represents Just e, where
e :: String.
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The third term performs pattern matching. It first examines e: if that is a Nothing it returns
en; if it is a Just(e) with e : Str, it substitutes e for = in e;. Thus match(—;e,;x.e;) corresponds
to the definition

f Nothing = e_n
f (Just x) = e_j —— this clause can use the variable x :: String

(i) Write down a representation of this type in the STLC. [Hint: use 1.]

(ii) Show that the three rules NorHiNg, JusT and MaTch above are definable. That is, show
the terms Nothing, Just(e) and match(e;e,;x.e;) can be expanded into some term of the
STLC, which is such that the typing rules are derivable if we assume that weakening is a
typing rule of the system.

Solution:
(i) 14 Str
(ii) Let
Nothing = inl(())
Just(z) =inr(z)
match(e; en; . e5) = case(e; inl(y). en; inr(z). e5)

Here is the proof that the typing rules given above are derivable.

— U v
r={:1 o TS
 def . InL v INR
I' F Nothing = inl({)) : 1 + Str I'F Just(z) = inl(z) : 1 4 Str
: I'te,:7 - :
'Fe:1+ Str Dy:1ke,:7 " Dyx:Strkeg:7
CASE

[ F match(e; en; 2. €5) = case(e;y. en; 2. €5) : T

The rule WK corresponds to the assumption that weakening is a primitive rule of the
system. Of course, weakening is not a rule of the STLC, but it is admissible: given a
derivation of I - ¢,, : 7 we can construct a derivation of ',y : 1 - ¢,, : 7 (this requires
inductive proof).

4. (%) Prove progress and preservation for the constants-and-functions fragment of the STLC.

The constants-and-function fragment of the STLC is an extension to the language of numbers
and strings: we reached it by adding the rules for function types. Thus, to establish these
theorems you only need to show them for the new function rules, as last week’s proofs
cover the rest! (We will ignore sums and products in this question!)

Do this in steps:

1. Extend the key lemmata (you may assume weakening, but you can also prove it if you feel
like it):

(a) Inversion



(b) Substitution
(¢) Canonical forms
2. Prove preservation

3. Prove progress

Solution:
Claim 1 (Inversion). Suppose I' e : 7.
e Ife=MAr:0.¢ then 7 =0 — 7/ for some type 7/, and I,z : o Feo : 7.
o If e = e1(e2) then there exists a type 7o such that ' e : 70 = 7 and I'F es : 7.
The proof is by inspection.
Claim 2 (Substitution). If 'Fe:7and ',z : 7Fw: 0 then I' F ule/x] : 0.

Proof. By induction on the derivation of ', x : 7 F u : 0.

Case(LAM). Suppose the derivation is of the form

Tx:ry:o1Fu:oo
Lam

Fx:THAy:01.u:01 — 09

By weakening we have I',y : 01 F e : 7. Then, applying the TH to that and the smaller
derivation I'yz : 7,9 : 01 F u : 02 we obtain a derivation of I,y : 01 F ule/x] : 02. We can
then construct

Iyy:o01Fule/z]: o9
Lam

L Ay:oy.ule/z]: o1 — o9
But we have that (A\y: oy.u)[e/z] = \y : 0. ule/z], so we have the result.

Case(APP). Suppose the derivation is of the form

z:thu :m—0o Tx:7huy:m

App
Dz:mkui(ug) o

Applying the TH to the smaller derivation I,z : 7 F uy : 79 — o we obtain I - uy[e/x] :
To — 0.
Applying the IH to the smaller derivation I',z : 7 F us : 7o we obtain I' F us[e/x] @ To.

We combine these two derivations using the rule ApPp:

Tk usle/z] e T'Huile/z] i — 0

T'Fuile/z|(usle/z]) : o App

But the subject of this last derivation is by definition (uj(us))[e/x].




Claim 3 (Preservation). If Fe: 7 and e — €’ then ¢’ : 7.

Proof. By induction on e — ¢’
Case(D-BETA). Suppose the reduction is of the form (A\x:o.e1)(e2) — e1]ea/x].

We know from the assumptions that - (Az : 0.¢e1)(e2) : 7. By inversion this means that
there exists 75 such that - Ax:0.e1: 70 — 7 and F e : 7.

Again by inversion on the judgement - Az :0.e; : 79 — T we see that 7, = o, and it
must be that x : o ey : 7.

By substitution on the judgements z : o - e; : 7 and F es : 72 (recall that o = 72) we
get b eq[ea/x] : 7, which is what we wanted to prove.
Case(D-APP-1). Suppose that the reduction is the form e (e3) — €} (e2) with premise
er — €.

We know from the assumptions that - ej(e2) : 7. By inversion it must be that there
exists 7o such that Fe; : 9 — 7 and - ey : .

By the IH applied to - e1 : 9 — 7 and e¢; — ¢} we get that €| : 72 — 7 as well.
Thus, we can construct a typing derivation

'_6/1:7-2—>7- Fes: 1

Aprp
Fejlea): T

O

Claim 4 (Canonical Forms). If Fe: 0 — 7 and e val, then e = Az :o.u with x : 0w : 7.
The proof of the canonical forms lemma is by inspection. It is a necessary lemma for proving

Claim 5 (Progress). If e : 7 then either e val or e — ¢’ for some ¢'.

Proof. By induction on ke : 7.

Case(LAaM). If the typing derivation ends with - Az :o.e : 7 then by the rule VAL-LAM
we immediately know that Ax : 0. e val, so we have the result.

Case(APpP). Suppose the typing derivation is of the form

Fel:m—T Fes:my

AppP
Fei(ea): 7

for some 15. Then we apply the TH to - ey : 79 — 7, which gives two cases.

e If e; val then we know that - e; : 79 — 7 so by the canonical forms lemma we see
that e; = Az : 7. u for some u. Hence we can perform the reduction (\x : 75. u)(eg) —
ulez/x] by the rule D-BETA.

o If there exists ¢] with e; — ¢) then by the rule D-ApPP-1 we can perform the
reduction e (e2) — €} (e2).




In either case there is an available reduction we can perform on the term e (ez).




