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“Well-typed programs don't go wrong.” (Type Safety)

© Preservation: “Evaluation preserves typing.”

@ Progress: “Typed terms don’t get stuck.”

dr. Fe:7T = dv.elv
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Motivation

dr. Fe:7T = dv.elv
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dr. Fe:7T = dv.elv

(Vo) K if (Ax.x) True then 1 else True : «
(Va) Fif (Ax.x) Lthenlelse1:
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pre-terms e = Xx variables
€1 e function application
AXx. e function abstraction
c(er, -+ ,en) constructor application
match ey with {|7_,pi — €;} pattern matching
types T = « type variables
T — T2 function arrow
T + T2 sum types
c(r1,++,7n) constructor types
Ok top-type
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pre-terms e 1= x variables
e e function application
AX. e function abstraction
c(er, -+ ,en) constructor application
match ey with {|7_,pi — €;} pattern matching
types T = « type variables
T — T function arrow
1+ 72 sum types
c(m1, - ,7n) constructor types
Ok top-type
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Language:
e:=Xx.e|e e |x|c(en, -, en) | matcheywith {|/_;p; — e}

Types:
Ti=a|n |+ lc(r, -, ) | Ok
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Constructors - Terms & Types

zero I Zero
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Constructors - Terms & Types

zero i zero
succ(zero) ::  succ(zero)
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Constructors - Terms & Types

zero
succ(zero)
succ(zero)
succ(zero)

zero
succ(zero)
succ(Nat)
Nat

Charlie Walpole (UoB) IIl-Typed Programs Don't Evaluate 6/7 November 2024 6/32



Constructors - Terms & Types

I zero : zero
F succ(zero) : succ(zero)
F succ(zero) : succ(Nat)
F succ(zero) : Nat
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Match Expressions

match ey with {|"_; p; — €;}
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Match Expressions

match ey with {|"_; p; — €;}

match succ(zero) with {| zero — zero
| succ(n) — n}
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(V1) Fe:7 = F e: 0k
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—(Fif (Ax.x) 1 then 1 else 1 : Ok)
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Typing Judgements

The typing judgement takes the form of:

x1:A1, -, xp:ApFe: B
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Typing Judgements

The typing judgement takes the form of:
x1:A1, -, xp:ApFe: B
We can intuitively read this as:

x1EAIN- - AX,€EA, = e€eB
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Typing Judgements

The typing judgement takes the form of:
x1:A1, -, xp:ApFe: B
We can intuitively read this as:

x1EAIN- - AX,€EA, = e€eB

“(x1:AiFe:B) =77

—|(X1€A1:>GEB) — X1€A1/\‘|(€€B)
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Denotational Semantics

We can define an operation, [-], for both terms and types.
Intuitively, e | v = v € [€].
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Denotational Semantics

We can define an operation, [-], for both terms and types.
Intuitively, e | v = v € [€].
Term semantics:

[zero] = {0} C Z
[zero + succ(zero)] = {1}

Charlie Walpole (UoB)
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Denotational Semantics - (Partial) Definition

Type Semantics:

[Nat] :=Z
[m1+ 2] =[] Ulr]
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Denotational Semantics - (Partial) Definition

Type Semantics:

[Nat] :=Z
[m1+ 2] =[] Ulr]
[OK] :=U

Charlie Walpole (UoB) IIl-Typed Programs Don't Evaluate 6/7 November 2024 12 /32



Denotational Semantics - (Partial) Definition

Type Semantics:

[Nat] :=Z
[+ 2] =[] U]

[OK] :==U = U[[T]]
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Denotational Semantics - (Partial) Definition

[n—=n]={f|f:U—-U, xe[n] = f(x) <[]}
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Denotational Semantics - (Partial) Definition

[n—=n]={f|f:U—-U, xe[n] = f(x) <[]}
# [r1] — [l
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Logical Typing Judgements

Now, we can write ‘the meaning’ of a typing judgment:
x1:A1, -, xp:Apke: B
As a logical statement:

Pal S TA A - Alxa] € [A] = [e] € [B]
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Our goal:
—(Fif (Ax.x) 1 then 1 else 1 : Ok)
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Our goal:
—(Fif (Ax.x) 1 then 1 else 1 : Ok)

Negation fact:
(FA) —= (A = 1)
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Our goal:

—(Fif (Ax.x) 1 then 1 else 1 : Ok)
Negation fact:

(mA) = (A = 1)
Thus:

—(Fif (Ax.x) 1 then 1else 1: Ok) <= —(T = [if (Ax.x) 1 then 1 else 1] C [Ok])
<= (([if 1 then (Ax.x) 1 else 1] C [Ok]) = 1)
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Our goal:

—(Fif (Ax.x) 1 then 1 else 1 : Ok)
Negation fact:

(mA) = (A = 1)
Thus:

—(Fif (Ax.x) 1 then 1else 1: Ok) <= —(T = [if (Ax.x) 1 then 1 else 1] C [Ok])

<= (([if 1 then (Ax.x) 1 else 1] C [Ok]) = 1)
< (if (Ax.x) L then lelse 1: OkF 1)
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Examaining Typing Judgements

Take a general typing judgement:
x1:A1, -, xp:Apke: B

Notable restrictions:
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Examaining Typing Judgements

Take a general typing judgement:
x1:A1, -, xp:Apke: B

Notable restrictions:

© Only variable typings may appear in the context.
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Examaining Typing Judgements

Take a general typing judgement:
x1:A1, -, xp:Apke: B

Notable restrictions:
© Only variable typings may appear in the context.

© There must be exactly 1 typing as the conclusion.
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Examaining Typing Judgements

Take a general typing judgement:

x1:A1, -, xp:Apke: B
Notable restrictions:

© Only variable typings may appear in the context.
© There must be exactly 1 typing as the conclusion.
Lets relax these restrictions.
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Typing:

3~

) . ’
e1: Ay, ,en Apb e Br,--o e
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Two Sides of Typing

Typing:
e1: A1, ,en: A€l By, e By
Logic:
[er] € [A A Alenl S [A] = [ell S [Bi] V-~V [en] € [Bml
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Two Sides of Typing

Typing:

. . /. /.
el-Alv'”7en-An|_el-Bla"'7em-Bm

Logic:
[ed] € [AD A Alenl € [A] = [et] S [Bi]V - VIen] € [Bml
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Sequent Calculus

PAQAT <= PAQ
PAT < P
(PLA - AP)AT <= PiA--- AP,
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Sequent Calculus

PAQAT <= PAQ
PAT < P
(PLA--AP)AT <= PLA---AP,
PVQVLl < PVQ
PVl < P
(Pl\/"-\/Pn)\/J_<:>P1\/-~-\/Pn
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el:Al,--',en:Anl—
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False

el:Al,--',en:Anl—

[e] CIATA - Alen] € [A] = L
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False

el:Al,‘-',en:Anl—J_

[e] CIATA - Alen] € [A] = L
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Progress

Goal:
—(F if (Ax.x) 1 then 1 else 1 : Ok)

Translation:
if (Ax.x) 1then1else1: Okt
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Examples of Note

© + map: (Nat > 3 — Nat > 8) — [Nat > 3] — [Nat > 8]

Charlie Walpole (UoB) IIl-Typed Programs Don't Evaluate 6/7 November 2024 21/32



Examples of Note

© + map: (Nat > 3 — Nat > 8) — [Nat > 3] — [Nat > 8]
@ x+1:Nathk (Ay.y) x: Nat
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Examples of Note

© + map: (Nat > 3 — Nat > 8) — [Nat > 3] — [Nat > 8]
@ x+1:Nathk (Ay.y) x: Nat
© Nil: Nat -
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Examples of Note

© + map: (Nat > 3 — Nat > 8) — [Nat > 3] — [Nat > 8]
@ x+1:Nathk (Ay.y) x: Nat

© Nil: Nat -

Q 1+ Nil: Okl
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Examples of Note

© + map: (Nat > 3 — Nat > 8) — [Nat > 3] — [Nat > 8]
@ x+1:Nathk (Ay.y) x: Nat

© Nil: Nat -

@ 1+ Nil: Okt

© match Nilwith {Cons(y, ys) — y} : Ok -
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Examples of Note

© + map: (Nat > 3 — Nat > 8) — [Nat > 3] — [Nat > 8]
@ x+1:Nathk (Ay.y) x: Nat
© Nil: Nat -
@ 1+ Nil: Okt
© match Nilwith {Cons(y, ys) — y} : Ok -
How are these derived/proven?
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Deriving Typing Rules

Let's derive a typing rule for (e1, &) : A1 X Ay
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Deriving Typing Rules

Let's derive a typing rule for (e1, &) : A1 X Ay

(6176‘2) : Al X A2 F
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Deriving Typing Rules

Let’s derive a typing rule for (e1,e2) : A1 X Az |
(e1,€2) : A X Ax -
= ([(e1,e)] C [A1 x A2])
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Deriving Typing Rules

Let’s derive a typing rule for (e1,e2) : A1 X Az |
(el,ez) : A1 X A2 =
<~ ~([(er, )] C [Ar x A])
<— —\(Vp. pc II(e]_,E2)]] — pc |[A1 X Az]])
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Deriving Typing Rules

Let’s derive a typing rule for (e1,e2) : A1 X Az |

(el,ez) . A1 X A2 -

~([(e1, e2)] € [Ar x A2])

-(Vp. pe[(er,&)] = pe[A x Al])

—(Vx,y. (x,y) € [a] x [e] = (x,y) € [A] x [A2])

[
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Deriving Typing Rules

Let’s derive a typing rule for (e1,e2) : A1 X Az |

(e1,€2) : A1 X Ao F

“([(e1, e2)] € [A1 x A2])

~(Vp. p € [(e1, )] = p € [A1 x A])

~(vx,y. (x,y) € [a] x [e] = (x,y) € [A1] x [A2])
—(Vx,y. x€fa] Ay €e] = xe€[Ai] Ay € [A])

1o
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Deriving Typing Rules

Let’s derive a typing rule for (e1,e2) : A1 X Az |

(e1,€2) : A1 X Ao F

“([(e1, e2)] € [A1 x A2])

~(Vp. p € [(e1, )] = p € [A1 x A])

~(vx,y. (x,y) € [a] x [e] = (x,y) € [A1] x [A2])
—(Vx,y. x€fa] Ay €e] = xe€[Ai] Ay € [A])
Ix,y. x € [e] Ay € [ex] A—(x € [AL] Ay € [A2])

1reny
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Deriving Typing Rules

Let’s derive a typing rule for (e1,e2) : A1 X Az |

(e1,€2) : A1 X Ao F

“([(e1, e2)] € [A1 x A2])

~(Vp. p € [(e1, )] = p € [A1 x A])

~(vx,y. (x,y) € [a] x [e] = (x,y) € [A1] x [A2])
—(Vx,y. x€fa] Ay €e] = xe€[Ai] Ay € [A])
Ix,y. x € [e] Ay € [ex] A—(x € [AL] Ay € [A2])
Ix,y. x€al Ay e [e] A(x ¢ [A]Vy ¢ [A])

rreeey
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Deriving Typing Rules

Let’s derive a typing rule for (e1,e2) : A1 X Az |

(e1,€2) : A1 X Ao F

“([(e1, e2)] € [A1 x A2])

~(Vp. p € [(e1, )] = p € [A1 x A])

~(vx,y. (x,y) € [a] x [e] = (x,y) € [A1] x [A2])
—(Vx,y. x€fa] Ay €e] = xe€[Ai] Ay € [A])
Ix,y. x € [e] Ay € [ex] A—(x € [AL] Ay € [A2])
Ix,y. x€al Ay e [e] A(x ¢ [A]Vy ¢ [A])
Ji.dx. x € [e] A x ¢ [Al]

rreere
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Deriving Typing Rules

Let’s derive a typing rule for (e1,e2) : A1 X Az |

(e1,€2) : A1 X Ao F

“([(e1, e2)] € [A1 x A2])

~(Vp. p € [(e1, )] = p € [A1 x A])

~(vx,y. (x,y) € [a] x [e] = (x,y) € [A1] x [A2])
—(Vx,y. x€fa] Ay €e] = xe€[Ai] Ay € [A])
Ix,y. x € [e] Ay € [ex] A—(x € [AL] Ay € [A2])
Ix,y. x€al Ay e [e] A(x ¢ [A]Vy ¢ [A])
Ji.3x. x € [ei] A x ¢ [A]

Ji. =(Vx. x € [e]] = x € [A]])

rreereny
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Deriving Typing Rules

Let’s derive a typing rule for (e1,e2) : A1 X Az |

(e1,€2) : A1 X Ao F

“([(e1, e2)] € [A1 x A2])

~(Vp. p € [(e1, )] = p € [A1 x A])

~(vx,y. (x,y) € [a] x [e] = (x,y) € [A1] x [A2])
—(Vx,y. x€fa] Ay €e] = xe€[Ai] Ay € [A])
Ix,y. x € [e] Ay € [ex] A—(x € [AL] Ay € [A2])
Ix,y. x€al Ay e [e] A(x ¢ [A]Vy ¢ [A])
Ji.dx. x € [e] A x ¢ [Al]

Ji. =(Vx. x € [e]] = x € [A]])

30, (I < [A)

rreereeey
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Deriving Typing Rules

Let’s derive a typing rule for (e1,e2) : A1 X Az |

(e1,€2) : A1 X Ao F

“([(e1, e2)] € [A1 x A2])

~(Vp. p € [(e1, )] = p € [A1 x A])

~(vx,y. (x,y) € [a] x [e] = (x,y) € [A1] x [A2])
—(Vx,y. x€fa] Ay €e] = xe€[Ai] Ay € [A])
Ix,y. x € [e] Ay € [ex] A—(x € [AL] Ay € [A2])
Ix,y. x€al Ay e [e] A(x ¢ [A]Vy ¢ [A])
Ji.3x. x € [ei] A x ¢ [A]

Ji. =(Vx. x € [e]] = x € [A]])

30, (I < [A)

di. et A F

1 A A A
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Deriving Typing Rules

Let's derive a typing rule for (e1, &) : A1 X Ay

(61,6‘2) . Al X A2 [
<~ di.e A+
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Deriving Typing Rules

Let’s derive a typing rule for (e1, &) : A1 X Ay
(61,6‘2) . Al X A2 [

<— di.eg: A

(Hi.) F, € . A,' FA
F,(el,eg) :Al XAQ}_A

(PairL)

Charlie Walpole (UoB) IIl-Typed Programs Don't Evaluate 6/7 November 2024 22/32



Deriving Typing Rules

Let's derive a typing rule for (e1, &) : A1 X Ay
(e1,e): Al x Ax =

— di.e A+

(E“.) F,e,-:A,-I—A PairR (VI) FI—e,-:A,-,A
[ (e, e) : AL X As - A (Pairk) [ (e1, @) : AL % Ag, A

(Pairl)
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Deriving Typing Rules

So we have derived a new typing rule:

(3i)T,e:AFA (Vi)THe: AL A
(Pairl) (PairR)
r,(el,62)2A1XA2|—A Fl—(el,e2):A1><A2,A

And the key point in its derivation is:

x ¢ [A1 x Ao = (x ¢ [A] vV x ¢ [A2])

Alternatively:
[A1 x Ao = [AL]° U [A2]°
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Deriving Typing Rules - If

Fe:Bool THep:7 THe: T
I if ey then 1 else e : 7

(IfR)

?

if g then ej else ey : 7F

Charlie Walpole (UoB)

lll-Typed Programs Don't Evaluate 6/7 November 2024 24 /32



Deriving Typing Rules - App

FFe0:71—>72 FFelle

AppR
(pp) r|—60612T2

?

eoe1:7-2|—
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Why does AppR work?

To prove the (AppR) rule correct, we show:

Given:

lFe:mm—m
r|—61:7'1

We want to show:
ME(ep e1):m
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Why does AppR work?

To prove the (AppR) rule correct, we show:

Given:

[ = Tleo] € [m1 — 7]
[ = [e] € [7]

We want to show:
[T = [eo @] €[]
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Why does AppR work?

To prove the (AppR) rule correct, we show:

Given:

I[eo]] C |[T1 — 7’2]]

[e] <[]

We want to show:
[eo e1] C [m]
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Why does AppR work?

To prove the (AppR) rule correct, we show:

Given:
[ee] C{f|f:U—-U, xe[n] = f(x)<€[r]}
[e] € [m]

We want to show:
[eo e1] C [m]
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Why does AppR work?

To prove the (AppR) rule correct, we show:

Given:
[ee] C{f|f:U—-U, xe[n] = f(x)<€[r]}
[e] € [m]

We want to show:
{f(x) | f € [eo], x € [ea]} € [7]
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Why doesn’t this AppL work?

rFeoiT1—>T2 F, 6127'1F
F, (60 61)2T2|—

Given:
[e] C{f|f:-U—=U, xe[n] = f(x)e<[r]}
~([ed] € [m])

We want to show:

“({f(x) | f € e, x € [al} € [7])
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What do we want?

Pl={f|f:U—=U, f(x)<€[r] = xecl[n]}
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What do we want?

|[T1>—T2]] = {f]fZ/l—>Z/{, f(X)Gl[TQ]] — XE[[Tl]]}
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Necessity Function Type

A> B

“A only to B"
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Necessity Function Type

Sufficiency Necessity
M x:AFe:B, A Me:BFx:A A
(AbsR) (AbnR)
[FAx.e: Ao B, A MAx.e:A> B, A
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Necessity Function Type

Sufficiency Necessity
M x:AFe:B, A Me:BFx:A A
(AbsR) (AbnR)
[FAx.e: Ao B, A MAx.e:A> B, A

F Ax.42 : Nat — Nat
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Necessity Function Type

Sufficiency Necessity
M x:AFe:B, A Me:BFx:A A
(AbsR) (AbnR)
[FAx.e: Ao B, A MAx.e:A> B, A
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Application on the Left

Now we have:
lFeg:A>B, A T, ea:AFA

N ege:BFA

(ApplL)
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Application on the Left

Now we have:
lFeg:A>B, A T, ea:AFA

N ege:BFA

(ApplL)

- F Ax.x : Bool > Bool 1: Bool -
( plr:‘L)l (Ax.x) 1: Bool
(%) if (Ax.x) 1 then 1 else 1: Ok

“(if (Ax.x) 1 then 1 else 1) does not evaluate (reach a value)
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Soundness Results

-e: Ok
“Well-typed programs don’t go wrong.”

No execution of a well-typed program can crash.

e: Ok F
“lll-typed programs don't evaluate.”

No execution of an ill-typed program can reach a value.
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